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1. Introduction

The response of composite beams to external forces has seen
tremendous recent development that has extended the ability to
predict the displacement and stress fields within a wide class of
structure. Early studies of beam mechanics focussed primarily on
homogeneous materials under what could be described as flexural
motion, leading to relatively simple yet powerful theories that are
still in common use [1]. These early representations were typically
separated from coupling that could occur between flexural
response and torsional response, where the latter behavior was
characterized not by transverse motion but by an angle of twist
about the longer axis of the beam and usually generated by an
applied torque about that same axis. Basic beam response changes
significantly when the material properties or the beam geometry
allow for interaction between bending and twisting types of
motion.

Additional changes in beam behavior can be observed when
beams are composed of elements that have one dimension of the
cross-section that is significantly larger than the other. These ele-
ments are common in engineering design and are usually based
on optimizing the amount and location of material used to con-
struct the beam section. Early studies of isotropic beams of this
nature were presented by Wanger and Pretschner [2], Bleich and
Bleich [3], and Kappus [4]. The significant adaptation of a powerful
generalized thin-wall theory for beams of open cross-section was
given by Vlasov [5], and a number of other important contributions
have been summarized in the work of Gjelsvik [6].

In the latter part of the 20th century, a large body of work was
developed for thin-walled beams composed of anisotropic and pos-
sibly composite materials. The studies of Volovoi and co-workers
[7], Yu and co-workers [8–10] and especially Hodges [11] demon-
strated the development of robust and highly accurate beam mod-
els for the analysis of composite beams. These models are
frequently and nobly linked and labeled as extensions to original
theories of Vlasov [10] and Timoshenko [8]. They have seen exten-
sive use and are well-known to provide excellent predictions of
both the global displacements and the stress fields for both isotro-
pic and composite beams.

One feature of generalized Vlasov and Timoshenko beam mod-
els is the necessity to represent the response over the cross-section
of the beam, often using two-dimensional finite element approxi-
mations, to calculate the effective stiffnesses that characterize glo-
bal response. In the present work, an approximate model based on
the three-dimensional theory of elasticity is used as an alternative
to these one-dimensional theories. This type of representation of
beam kinematics is not new but has only recently been applied
to the study of composite beams. In one sense, elasticity-based
models are more complex than one-dimensional models because
they use approximations of pointwise displacements everywhere
in the beam rather than using general kinematic variables that rep-
resent behavior over the beam cross-section. Yet frequently, as in
the present case, they can be simpler in application. Because of
the nature of the approximations used and the structure of the dis-
cretized problem, it could be argued that elasticity-based models
are easier to develop and apply. This method is presented here as
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an alternative to existing one-dimensional theories that can
provide reasonable estimates to composite beam response with a
relatively low investment of computational effort.

2. Theory

In this section, the general theory behind the elasticity-based
model of composite beam deformation is presented along with a
detailed account of the types of approximations used to solve the
governing equations. Additional details are provided related to
practical considerations in applying this methodology.

2.1. Geometry

General three-dimensional solids are considered in which the
cross-section coordinates usually identified with one-dimensional
beam theories are defined in the (x1,x2) or (x,y) plane with a much
larger dimension in the x3 or z axis with a length of L. The beam is
assumed to be composed of potentially dissimilar anisotropic
materials where the principal material axes are originally aligned
with the (x,y,z) axes and then possibly rotated in an arbitrary fash-
ion. For the present study, these materials are assumed to be orig-
inally orthotropic and potentially having gone through a rotation
in the x–z plane about the y-axis. Hence the original 1-direction
is finally located at an angle h as measured from the positive z axis.
This introduces in-plane shear coupling through the rotated com-
ponents of the elastic stiffness tensor, with additional coupling
between types of deformation being introduced with the presence
of dissimilar materials over the beam length or cross-section.

It is further assumed that there is no change in cross-sectional
properties along the length of the beam in the z-direction, and that
any dissimilar materials are perfectly bonded together at any inter-
face. Under static load, each material is completely defined in
terms of the elements of the rotated elastic stiffness tensor, usually
expressed in contracted notation as Cij.

2.2. Governing equations

The governing equations used for this study are the three-
dimensional equations of linear elasticity with an anisotropic con-
stitutive tensor that can represent what amounts to a monoclinic
material. These are not solved explicitly at each point in the
domain, but instead approximate solutions are sought for their
weak form as expressed within the Principle of Virtual Work. This
is usually expressed in indicial form as

0 ¼
Z
V
rijd�ijdV �

Z
V
f iduidV �

Z
S
tiduidS ð1Þ

Here rij are the components of Cauchy stress, V is the total volume
of the solid, d is the variational operator, �ij are the components of
infinitesimal strain, f i and ti are the components of the body force
and surface traction vectors, respectively, and S is the total surface
of the solid. Expanding the summation gives

0 ¼
Z
V
frxxd�xx þ ryyd�yy þ rzzd�zz þ ryzdcyz þ rxzdcxz þ rxydcxygdV

�
Z
V
ðf xduþ f ydv þ f zdwÞdV

Z
S
ðtxduþ tydv þ tzdwÞdS ð2Þ

Here it is understood that the 1, 2, and 3 directions in indicial nota-
tion are ðx1 ¼ x; x2 ¼ y; and x3 ¼ zÞ, and the engineering shear
strains cyz, cxz, and cxy have been introduced where, for example,
cyz ¼ 2�yz.

The general constitutive law that links the Cauchy stress to the
components of infinitesimal strain �ij can be written as
rij ¼ Cijkl �kl ð3Þ
This relationship is commonly expressed in matrix form for the type
of materials considered in this study as
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The stiffness components Cij are associated with either a naturally
occurring monoclinic material with 13 independent elastic con-
stants or a rotated orthotropic material. In the latter case, the final
Cij as listed in the 6 � 6 matrix are a function of the on-axis elastic
constants and the angle of rotation of originally orthotropic proper-
ties about the 3 or z axis. Their explicit forms are given by Reddy
[12]. The strain components can be linked with the three displace-
ment components u, v, and w in the x, y, and z directions as

�xx ¼ @u
@x

�yy ¼ @v
@y

�zz ¼ @w
@z

cyz ¼
@v
@z

þ @w
@y

cxz ¼
@u
@z

þ @w
@x

cxy ¼
@v
@x

þ @u
@y

: ð5Þ

These expressions can then be substituted into the statement of
virtual work to give an expression that contains the variables u;v ,
and w along with their variations du, dv , and dw. For brevity, this
expression is not included here.

2.3. The Ritz model

The computational approach used in this study relaxes many of
the assumptions used in most beam theories. Rather than intro-
ducing specific displacement fields over the beam domain, the
three point-wise displacement components are approximated
directly using the weak form obtained within virtual work and
the Ritz method [13]. There is no need to represent any rotational
variables or their equivalent in this theory, since each of the dis-
placements is computed at every location in the beam.

The general form for each of the three displacement approxima-
tions can be expressed as

uiðxjÞ ¼ /ui
o ðxjÞ þ

XN
p¼1

Aip/
ui
p ðxjÞ ð6Þ

Here the Aip represent constants that are treated as the global
unknowns of the problem. The three values of i indicate that there
are three components of displacement with u1 ¼ u, and so on. The
/o terms represent the simplest functions that satisfy the essential
boundary conditions for that displacement direction. For the cases
discussed in this paper, all essential boundary conditions are
assumed to be zero. The /o terms are, therefore, all equal to zero.
In the remaining approximations, /p represent a selected approxi-
mate function for each respective direction. These functions must
satisfy general requirements of independence as outlined by Reddy
[13]. By using a sufficient number of these approximation terms for
each displacement component, very accurate solutions can be
determined for the displacements.

For each of the three variables u; v , and w that exist at every
point over both the beam cross-section and the beam length, poly-
nomial series are used to approximate the beam response. This
class of approximation has been used numerous times to represent
the deformation of a wide array of solids, particularly early studies
in free vibration. Demarest [14] used Legendre polynomials over 
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the three Cartesian coordinate directions to find the natural modes
of vibrating parallelepipeds. This method was extended by Ohno
[15], who also discussed the splitting of the resulting eigenvalue
problem into a smaller number of equivalent eigenvalue problems
using group theory. Polynomial expansions were also used in gen-
eral cylinder [16] and sphere [17] vibrations. A significant and
powerful expansion of this approach was introduced by Visscher
[18], who expanded the three displacement components in terms
of power series regardless of the shape of the solid. This is gener-
ally written for any generic approximation function as

/u
pðx; y; zÞ ¼ xiy jzk ð7Þ

This is a very attractive family of approximations in that it fre-
quently yields very simple integration results over the domain of
the solid. This type of approximation has seen application in res-
onating solids [19], vibrating beams [20], and related areas such
as granular media [21]. In terms of applications to solids with more
general beam geometry, Carrera and co-workers have recently
developed a unified beam theory using a modification of this type
of approximation over the beam cross section and have extensively
applied it to a wide array of problems [22–25]. It has also been used
to study the buckling behavior of auxetic and anisotropic beams
[26] and the free-vibration behavior of thin-walled beams [27].

If the displacement constants Aip are replaced with the letters c,
d, and e for the three displacements (where i takes values associ-
ated with the displacements 1 ¼ u;2 ¼ v ;3 ¼ w) for any index p,
it is possible to generalize the matrix form of the Ritz model. Sub-
stitution of the general Ritz approximation into the general weak
form leads to a linear system of equations in terms of the unknown
constants that can be represented in matrix form as

½K11� ½K12� ½K13�
½K21� ½K22� ½K23�
½K31� ½K23� ½K33�

2
64

3
75

fcg
fdg
feg

8><
>:

9>=
>; ¼

fFug
fFvg
fFwg

8><
>:

9>=
>; ð8Þ

The elements of the coefficient matrix (½K�) and right-hand side
vector½F� are given in Appendix A.

All beams considered in this study are compared with cases in
the literature that are under fixed conditions at one end of the
beam and are loaded in some fashion at the other end. Hence sim-
ple power series are used in all directions ðx; y; zÞ of the bounded
solid, although the number and type of the approximation can be
adjusted depending on the type of deformation expected for a
given loading. For fixed boundary conditions at z ¼ 0, all three dis-
placements are equal to zero at every location of the cross-section.
More formally, this is expressed as

uðx; y;0Þ ¼ vðx; y;0Þ ¼ wðx; y;0Þ ¼ 0 ð9Þ
Unlike usual beam theories, the current model does not require the
specification of any of the spatial gradients of these displacements
as essential boundary conditions. Hence the power-series class in
the z-direction can be applied where the exponent in z is equal to
or greater than one to satisfy the essential boundary conditions at
the fixed support. The approximations in x and y and the evaluation
of the element matrices are discussed in the next section.

2.4. Calculations

Computationally, using global power series over the cross-
section greatly simplifies the integration required for the relevant
coefficient matrices and in fact is one reason why this type of
approximation has some appeal. In this study, the cross-sections
are limited to solid rectangles, I-beams, and hollow rectangles.
Solid sections of regular geometry, including but not limited to
rectangles, circles, ellipses, are easily evaluated in closed form.
For hollow sections, the integration can be completed first over
the outer bounding dimensions of the solid and then subtracting
the same integral evaluated over the inner bounding surfaces of
the same cross-section. For I-beams, the integration can be com-
pleted piecewise by calculating the necessary integrals over each
sub-domain of the cross-section. The global derivatives of the
power series are likewise power series of lower order that are eval-
uated in similar fashion. Although the integrals over the beam
length are very simple for the case of the cantilevered beams con-
sidered in this study, more complex boundary conditions can be
handled with minor adjustment [27].

One additional advantage of using global approximation func-
tions over the beam cross-section and length is the potential to
group the specific approximations according to the physical char-
acter of the displacement components they are being used to rep-
resent. This grouping was originally suggested for the case of
vibration behavior [15,28], but the same principles can be applied
to static deformation. For example, in a bending type of deforma-
tion of a symmetric cross-section, terms used to approximate
transverse displacement that are odd in the x variable (i.e. the hor-
izontal coordinate of the beam cross-section) can be discarded
from the approximation since any displacement of this nature
would never be physically realized. Rather than generalizing this
discussion for the arbitrary case, these features are discussed for
the specific geometries considered in the present study.

3. Numerical results

A number of example geometries and material combinations
are considered in this section and the results are compared with
existing solutions that have been developed using other highly
accurate theories that are known to provide excellent results.

3.1. The thin isotropic strip

First considered is the thin isotropic strip under a twisting
moment as studied by Yu and co-workers [10]. The strip is a solid
rectangle with width of 0.953 inches and a height of 0.03 inches,
with a length of L ¼ 10 in. The isotropic strip has E ¼ 10� 106 psi
and m ¼ 0:3. The loading is applied as two equal and opposite ver-
tical forces of 0.001 lb (in the y-direction) at ð�0:953=2;0;10Þ and
at ð�0:953=2;0;10Þ. These forces and their impact are imposed via
an equivalent surface traction over the end of the beam where in
the absence of body forces the right-hand side forcing function
vector takes the form

Fvi ¼
Z
S
tyW

v
i dS¼0:001Wv

i ð0:953=2;0;10Þ�0:001Wv
i ð�0:953=2;0;10Þ

ð10Þ
The primary variable of interest is the angle of twist at the end

of the strip. Because an elasticity approach is used and twist angle
is not treated as a kinematic unknown, the same methodology is
used as in a three-dimensional finite element model of Yu and
co-workers [10] where the angle is taken to be the vertical dis-
placement at the point of application of load divided by the half-
width. Because of material symmetry and the nature of the loading,
the centroid of the beam does not move in its cross-sectional plane.

For this problem and those that follow, convergence studies
were completed to determine the order of terms necessary for an
accurate solution. This procedure is explained in detail for the iso-
tropic strip as an example on similar procedures followed for the
other geometries and material combinations. The displacement
field with the most complexity is the axial displacement compo-
nent w. This has both cross-sectional ðx; yÞ dependence as well as
axial (z) dependence. In Table 1, the in-plane odd powers are fixed
at terms up to and including x11y11 and the axial power of z is 

 



Table 1
Convergence of end rotation of isotropic strip: axial terms.

Highest power along axial direction

2 3 4 5 6 7 8 9

h� 102 22.08 26.09 27.47 28.07 28.37 28.52 28.59 28.60

Table 2
Convergence of end rotation of isotropic strip: axial displacement.

Combinations of in-plane approximations

x1y1 x3y3 x5y5 x7y7 x9y9 x11y11

h� 102 28.15 28.23 28.36 28.46 28.57 28.60
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Fig. 1. The angle of twist (in radians) as a function of the dimensionless axial
coordinate n ¼ x=L for the isotropic strip under an end torque.
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Fig. 2. The rate of change of angle of twist (in radians) as a function of the
dimensionless axial coordinate n ¼ x=L for the isotropic strip under an end torque.
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Fig. 3. A closer look at the rate of change of angle of twist (in radians) as a function
of the dimensionless axial coordinate n ¼ x=L for the isotropic strip under an end
torque for the tenth of the strip length closest to the fixed support.
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Fig. 4. The angle of twist (in radians) as a function of the dimensionless axial
coordinate n ¼ x=L for the orthotropic strip under an end torque.
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varied from quadratic to ninth order. Axial polynomial approxima-
tions of up to sixth order result in less than one percent difference
of terms up to ninth order. For the in-plane variation, with the axial
variation fixed at all terms up to and including z9, approximations
are varied from bilinear (x1y1) to eleventh order (x11y11) as shown
in Table 2. Even for relatively low orders of approximation, the
accuracy of the model appears to be quite good. For the results
in this section, approximations up to and including x11y11z9 were
used for w. The in-plane displacements u and v converge at a much
lower order, and approximations up to and including x3y3z9 were
used.

The resulting angle of twist is given in Fig. 1 over the length of
the strip and in Fig. 2 for the tenth of the strip length closest to the
fixed support. The results are compared with the St. Venant torsion
theory, the Vlasov torsion theory, and the VABS model of Yu and
co-workers [10]. The latter two are indistinguishable on this plot,
and for the most part the results of the present model are in excel-
lent agreement with these two models with a very small underpre-
diction in the angle of twist given by the present models.

Another key variable in several one-dimensional beam theories
is the rate of change of the angle of twist. This is typically denoted
as h0 in the literature, where the prime superscript is used here to
denote the rate of change with respect to the nondimensionalized
axial coordinate n ¼ x=L. For the present model, since the displace-
ment components are approximated using power series in the spa-
tial coordinates, the rate of change of the angle of twist is
computed using

h0 ¼ 1
0:953=2

@v
@z

dz
dn

ð11Þ

The results are shown in Fig. 3, in which an excellent correspon-
dence is observed with the very accurate VABS model of Yu and
co-workers [10].

3.2. The orthotropic strip

An increase in complexity over the isotropic strip canbe achieved
by considering the case of an orthotropic material. Here the
elastic constants are those of Yu and co-workers and are taken
to be E1s = 20.59 � 106 psi, E2 = E3 = 1.42 � 106 psi, G12 = G13 =
8.70 � 105 psi, G23 = 6.96 � 105 psi, and m12 ¼ m13 ¼ m23 ¼ 0:42. The
1-direction implied by the subscripts on elasticmodulus are aligned
with the z-direction. The difference inmaterial response, depending
on the loading applied, can be significant for this class of material
since the ratio of elastic modulus to shear modulus is no longer
related as in the case of the isotropic solid. Instead, these parameters
are independent and the ratio ismuch higher than that of the isotro-
pic case. In the present example, the same loadings are applied as in
the isotropic solid, with results for the twist and rate of twist shown
in Figs. 4 and 5. Once again, because of material symmetry and the
nature of the loading, there is no displacement of the beam centroid,
and the rotation and rotation rate are computed using the vertical
displacements.

3.3. The anisotropic strip

For the anisotropic case the same strip geometry and loading
are used except that the 1-direction is now oriented at 15� from
the z-direction. For any angle other than 0� or 90�, there is now 
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Fig. 5. The rate of change of angle of twist (in radians) as a function of the
dimensionless axial coordinate n ¼ x=L for the orthotropic strip under an end
torque.

84 P.R. Heyliger / Composite Structures 145 (2016) 80–88  
coupling between the torsional deformation and bending. For this
loading and geometry, the beam centroid moves vertically, and so
those displacements must be subtracted before being divided by
the half-width of the beam to compute the appropriate slope.
The results are shown in Fig. 6 and again show excellent agreement
with existing composite beam theory results.

3.4. The isotropic I-beam

A more challenging example of an open cross-section is the
I-beam shown in Fig. 7. This beam can be composed of either a
homogeneous isotropic material or composed of laminated layers
of orthotropic material oriented at varying angle orientations. Both
are considered here. In both cases, the material properties were the
same as those used for the thin strip.

For the examples considered in this work, the width b was set
equal to 1 in. and the height h was taken as 0.5 in. and all wall
thicknesses were 0.04 in. The overall length of the beam was taken
as 10 in. Once again, a torsional moment was imposed by applying
point loads at two locations at the unrestrained end of the beam. In
this case, these are applied at the geometric positions of
ð0;0:25;10Þ and ð0;�0:25;10Þ.
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Fig. 6. The angle of twist (in radians) as a function of the dimensionless axial
coordinate n ¼ x=L for the anisotropic strip under an end torque.

Fig. 7. The lamination scheme of the composite I-beam.
Convergence studies were completed to include a sufficient
numbers of terms used to capture the rotation and rotation rate
along the beam axis and the values of the axial normal stress. An
example of the stress convergence is shown in Table 3, where
the in-plane variation of the axial displacement w is shown along
with the value of maximum normal stress rzz in the cross-
section for a beam with terms up to seventh order along the z axis.
The stress components were computed using the full constitutive
law along with the necessary pointwise gradients of the displace-
ment field as computed within the computational model.

Since this section is symmetric, there is no vertical motion of
the beam centroid and the rotational angle was taken by measur-
ing the angle created by uð0;0:25;10Þ. For the case of the isotropic
I-beam, the u and v displacements were computed using only a
single odd term in y and x, respectively, along with 7 terms in
the axial z direction. The w displacement was computed using
odd terms up to order 13 in both x and y for rotation and rotation
rate. Hence, there were a total of ð1Þ � 7þ ð1Þ � 7þ ð7 � 7Þ � 7 ¼ 357
degrees of freedom used to represent the complete deformation of
the beam.

The rotation as a function of dimensionless beam length n is
shown in Fig. 8, and the rate of change in twist shown in Fig. 9.
A contour plot of the axial stress rzz is given in Fig. 10 and the max-
imum axial stresses are given in Table 4. Yu and co-workers [10]
have generated comparisons with St. Venant, Vlasov, and VABS
theories and also a three-dimensional finite element model with
8 elements through the web and flange thickness, 20 elements
across each flange, and 10 elements along the web. A total of 100
elements were used along the length, giving a total of 40,000
elements, 46,359 nodes, and 139,077 total degrees of freedom.
Comparisons of the maximum axial stress are given in Table 4,
with very good agreement between the present model, three-
dimensional finite element results, and the VABS model.

3.5. The composite I-beam

A laminated I-beam was also studied using this methodology.
The specific geometry has the same dimensions as for the isotropic
case but is now divided into anisotropic layers with the stacking
sequence as shown in Fig. 7. This geometry has been studied by
a number of authors, most prominently because of the initial the-
oretical and experimental work of Chandra and Chopra [29]. It has
also been studied by Volovoi and co-workers [7] and Yu and
co-workers [9,10]. The overall width of the beam cross section is
1 in., the total height is 0.5 in. (this corrects a typo in the diagram
of Yu and co-workers [9]), and the thickness of both web and flange
is 0.04 in. The outer two layers of the flange section are oriented at
15� from the long axis of the beam, and all other layers are oriented
at either 0� or 90�. Chandra and Chopra originally gave only the
four in-plane elastic constants necessary for the Vlasov beam
model used in their theoretical predictions. These are the same
in-plane properties as used for the orthotropic strip of the present
work except G12 ¼ 8:9� 105 psi. Two different length configura-
tions are considered with slight adjustments in the elastic con-
stants used for each case. These are described separately below.

 

Table 3
Convergence of maximum stress (psi) for isotropic I-beam: axial displacement.

Powers of z Powers of x

x5 x7 x9 x11

z5 166.9 221.6 277.4 317.4
z7 334.5 368.0 388.9 404.3
z9 334.9 378.1 409.5 433.8
z11 402.2 420.5 432.8 –
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Fig. 8. The angle of twist (in radians) as a function of the dimensionless axial
coordinate n ¼ x=L for the isotropic I-beam under an end torque.

0 0.2 0.4 0.6 0.8 1
0

2

4

6

'  
x 

10
2

VABS [10]
St. Venant
3D FEM [10]
Present
Vlasov [10]

Fig. 9. The rate of change of the angle of twist (in radians) as a function of the
dimensionless axial coordinate n ¼ x=L for the isotropic I-beam under an end
torque.
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3.5.1. The shorter I-beam
Yu and co-workers [10] used the exact same properties given

for the orthotropic strip in the present work along with a length
of 10 in. An applied torque was imposed by applying equal and
opposite loads in the same fashion as was used for the isotropic
I-beam. The angle of twist was computed by taking the inverse tan-
gent of the angle computed by the horizontal displacement in the
cross-section divided by half of the beam height. The end rotation
is shown as a function of dimensionless beam length in Fig. 11,
where it is compared against the VABS and three-dimensional
finite element results of Yu and co-workers [10]. The agreement
between the three models is excellent. The rate of change in twist,
which to reiterate is not a kinematic variable of the present theory
Fig. 10. Axial (normal) stress contours of the is
but is used as such in several one-dimensional beam models, is
shown in Fig. 12, with the same comparisons as for the end twist.
The agreement is reasonably good with the results of the present
method being slightly larger than those computed by the three-
dimensional finite element model near the loaded end of the beam.
The maximum axial stresses are given in Table 4 and are between
those of the finite element and VABS results of Yu and co-workers
[10].

3.5.2. The longer I-beam
The original composite I-beam geometry of Chandra and Chopra

[29] used a beam length of 30 inches and applied two different
loadings: a unit end torque and a unit vertical load. For the unit
torque, they computed the end twist and compared their results
using the Vlasov composite beam theory. Their results are shown
in Fig. 13 along with those of the present model. Their Vlasov the-
ory predictions underpredicted the end rotations in a manner that
increased as the loaded end was approached. Unfortunately, the
measured twist at the loaded end was not given. The present
model gives an end twist that is significantly larger than that of
the Vlasov theory and also tracks quite well with the experimental
results.

The end point loading in the present model was applied at a sin-
gle location at the centroid of the beam cross-section at the end of
the beam length. As in the case of an applied end torque, this is
applied in the present model by considering the integrated traction
term at the loaded end. The resulting angle of twist and the end
slope are both shown in Fig. 14 and are compared with the Vlasov
theory and experimental results of Chandra and Chopra [29]. The
present results overpredict both experimental and theoretical
results but are still in reasonably good agreement.

3.6. Closed sections

One final configuration that can be considered by the present
method is the closed rectangular section, which has a mode of
deformation significantly different than that for open sections. As
noted by Yu and co-workers [9,10], the original Vlasov theory
was developed to model thin-walled beams with open cross-
sections. The fact that fixed walls add rotational restraint was
addressed by the deformation field assumed in such a theory. Yu
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Table 4
Max and min stresses (psi) for the isotropic I-beam.

Material Variable Present FEM [10] VABS [10]

Isotropic rmax
zz 433.8 430.2 405.6

rmin
zz

�433.8 �430.2 �434.2

Composite rmax
zz 2069 2251 1756

rmin
zz

�2069 �2251 �2052
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Fig. 11. The angle of twist (in radians) as a function of the dimensionless axial
coordinate n ¼ x=L for the composite I-beam under an end torque.
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Fig. 12. The rate of change of the angle of twist (in radians) as a function of the
dimensionless axial coordinate n ¼ x=L for the composite I-beam under an end
torque.
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Fig. 13. The angle of twist (in radians) as a function of the dimensionless axial
coordinate n ¼ x=L for the composite I-beam under an end torque.
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Fig. 14. The angle of twist (in radians, upper range) and end slope (in radians, lower
range) as a function of the dimensionless axial coordinate n ¼ x=L for the composite
I-beam under an end load.
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Fig. 15. The rate of change of angle of twist (in radians) as a function of the
dimensionless axial coordinate n ¼ x=L for the hollow isotropic box beam under an
end torque.
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and co-workers considered a hollow isotropic rectangle with outer
dimensions of 0.953 in. in width, 0.53 in. in height, a constant
thickness of 0.03 in. with the isotropic properties used here to
model the isotropic strip [10], and an applied end torque induced
by equal and opposite vertical loads along the lines of horizontal
symmetry. This geometry admits a St. Venant solution assuming
constant shear stresses over the thickness, and has also been
solved using three-dimensional finite elements and the VABS gen-
eralized Vlasov theory of Yu and co-workers [10]. The results for
the rate of change of angle of twist are shown in Fig. 15 as com-
puted using in-plane terms up to 5th order for the axial displace-
ment and in-plane terms up to cubic order for the in-plane
displacements, with polynomials up to order four in the axial
direction. Yu and co-workers have noted that the VABS generalized
theory should not be used for closed-section beams, and instead
the VABS classical or generalized Timoshenko models should be
used [10]. Use of the present method is not based on any such con-
siderations. The displacement field is described only in terms of the
approximation functions used rather than the effects of torsional
restraint with good agreement with three-dimensional finite ele-
ment results. Hence, this class of elasticity model can be used for
either closed or open sections.

3.7. Discussion

The use of three-dimensional elasticity approximations to com-
pute the displacement and stress fields gives reasonable results
that reflect common trade-offs that must be considered when
selecting any beam theory. Advantages of the present approach
over either full three-dimensional elasticity finite element models
or more complex one-dimensional beam theories include a rela-
tively small number of degrees of freedom required to represent
the complete beam, ease of computation and the relative simplicity

 



Table 5
Summary of end rotations h� 102 (radians) as a function of dimensionless length n.

n Anisotropic strip Isotropic I-beam Composite I-beam

0.0 0 0 0
0.1 .6947 .0447 .0823
0.2 .1829 .1677 .3058
0.3 .3018 .3537 .6490
0.4 .4214 .5946 1.101
0.5 .5410 .8865 1.656
0.6 .6607 1.226 2.307
0.7 .7803 1.605 3.043
0.8 .9000 2.011 3.842
0.9 1.020 2.419 4.666
1.0 1.139 2.790 5.458
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of the formulation, the potential use of group theory to optimize
the selection of the approximation functions, and accuracy. Agree-
ment with other models ranges from excellent for the cases of the
isotropic, orthotropic, and anisotropic strips, the isotropic I-beam,
and the isotropic hollow rectangle, to more variable agreement
for the anisotropic I-beam. To aid in any future comparisons, a
summary of end rotations as a function of dimensionless length
for three of the beams considered in this study are given in Table 5.

One disadvantage of the present methodology is related to the
nature of the approximation functions used for beams that contain
any interface between dissimilar layers. The conditions at these
locations are such that the displacements and tractions across
the interface are continuous. The global polynomials used in the
present method meet the first condition, but fail to satisfy the sec-
ond condition because of the changes in the material properties
across the dissimilar material interface. The nature of this change
in properties is such that it forces the normal gradient of the pri-
mary displacements to be dissimilar on either side of the interface.
Both general finite element approximations and the discretization
procedure used in many one-dimensional models (such as the
VABS theory used for comparison in this study or other beam the-
ories) meet this requirement, whereas the simple power series do
not. This difference may be the source of some of the discrepancies
between the results considered here.

Improvements short of discretizing the cross-section are possi-
ble but were not explored in this work. Polynomial bases with C0

continuity across dissimilar material interface regions would
potentially lead to an increase in accuracy in both the displace-
ment variables and the resulting stresses. Using power series basis
functions can also result in global coefficient matrices that are less
well-conditioned than other families of approximation. For the
results of this study, the order of terms used in the approximation
was low enough that this did not appear to be an issue.

Another source of potential discrepancy with existing solutions
is in the nature of the axial approximation of the beam. Simple
power series in z are used for the present model, but piecewise lin-
ear approximations are used in the three-dimensional finite
element models compared with here along with an exact one-
dimensional solution [10]. The polynomial approximations of the
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present model could of course be adjusted so that the axial varia-
tion either includes different terms than those used here or are also
piecewise in the axial direction. The same types of adjustment may
be useful in nonlinear deformations, where there may be regions of
the beam that may require a more localized representation. As it
stands, the present approach would still be quite useful even when
the deformations are relatively large, since the updated displace-
ment gradient quantities frequently used in nonlinear analysis
can be computed for any load step at any location within the beam.

4. Conclusions

Polynomial series approximations were used to represent
pointwise displacements for thin strips, I-beams, and closed thin-
walled sections under end point loads and point moments. The
following conclusions can be drawn from the results of these
analyses:

1. The present model gives rotation and rotation rates that are in
excellent agreement with VABS and three-dimensional finite
element results for isotropic, orthotropic, and anisotropic thin
strips under an end moment.

2. The present model gives rotation, rotation rates, and axial stres-
ses that are in excellent agreement with VABS and three-
dimensional finite element for isotropic I-beams under an end
moment. For composite I-beams, the present model slightly
overpredicts the displacement components.

3. The end twist for the composite I-beam under an end moment
are in very good agreement with experiment. For the case of an
applied end load, the present model overpredicts the end twist
and end rotation when compared to the Vlasov beam theory.

4. For the closed isotropic hollow rectangle cross-section under an
end moment, the present model gives a rate of twist behavior
that is in reasonably good agreement with three-dimensional
finite element results with little change in essential theory or
calculation strategy.

Although this method may lack the accuracy necessary to directly
compete with more robust beam theories, it offers a reasonable
alternative in predicting global response with a moderate amount
of computational effort. Other potential benefits await exploration.
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Appendix A

The elements of the matrix equations for the Ritz model are
given as:
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