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This paper proposes an extended technique for order preference by similarity to ideal solution (TOPSIS)
method under fuzzy environment to solve multi-attribute decision making (MADM) problem. The impre-
cise and fuzzy information of the MADM problem is expressed by triangular fuzzy number. The Possibil-
ity theory is used to handle triangular fuzzy numbers under fuzzy environment. In the extended TOPSIS
method, the possibilistic mean value matrix and the possibilistic standard deviation matrix are con-
structed to compute the integrated relative closeness coefficient of each alternative. According to the
integrated relative closeness coefficient, we can rank the preference order of all alternatives and select
the most suitable one. Two numerical examples are presented to demonstrate the feasibility and
efficiency of the new proposed TOPSIS method.
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1. Introduction

Multi-attribute decision making (MADM) is devoted to solving
the most desirable alternative selection problem according to mul-
tiple attributes. Recently MADM becomes a very important area of
operational research and decision science. Especially, in the recent
years, a lot of MADM methods have been proposed to solve MADM
problems, such as TOPSIS (Technique for Order Preference by Sim-
ilarity to Ideal Solution) [14], AHP (Analytic Hierarchy Process)
[22], DEMATEL (Decision Making Trial and Evaluation Laboratory)
[12], VIKOR (VIsekriterijumska optimizacija i KOmpromisno Resenje)
[21] and DEA (Data Envelopment Analytic) [7] methods. These
MADM methods have been applied into solving lots of economics
and management problems, such as supplier selection problem
[26,23,27], virtual enterprise partner selection problem
[33,32,34], plant layout design problem [31], evaluating sustain-
able transportation systems [4], partner choice problem in IS/IT
outsourcing [9] and green supply chain management practices
[20].

TOPSIS method, developed by Hwang and Yoon [14], is one of
the well-known classical MADM methods. TOPSIS method, which
refers to a technique for order preference by similarity to ideal
solution, is based on the concept that the chosen alternative should
have the shortest distance from the positive ideal solution (PIS)
and the farthest distance from the negative ideal solution (NIS).
The PIS is a set composing all the best values of each attribute,
while the NIS is a set composing all the worst values of each attri-
bute. TOPSIS method have received considerable attentions since it
is proposed.

Traditionally, researchers dealt with complete and certain infor-
mation environment and assumed that decision makers’ evalua-
tions on alternatives can be expressed by crisp values, then
extended TOPSIS method to solve MADM problems under different
conditions [18,1,25,2]. In many real practices, however, various
types of uncertainties and imprecision often exist, the information
of alternatives are vague, imprecise and uncertain by nature.
Hence, researchers extended the TOPSIS method into fuzzy envi-
ronment [34]. For example, Jahanshahloo et al. [16] developed a
methodology for solving MADM problem with interval data by
using the concept of TOPSIS. Shih et al. [24] proposed an extended
TOPSIS method for group decision making where decision-makers’
preferences were aggregated within the procedure. Chen and Tsao
[10] proposed interval-valued fuzzy TOPSIS method based on
interval-valued fuzzy data. Izadikhah [15] used Hamming distance
to extend TOPSIS in a fuzzy environment. Vahdani et al. [28] devel-
oped a novel fuzzy modified TOPSIS method which could reflect
both subjective judgment and objective information based on the
concept of TOPSIS to solve MADM problem with multi-judges
and multi-criteria under fuzzy environment. Beg and Rashid [5]
extended fuzzy TOPSIS method for hesitant fuzzy linguistic term
sets, and applied the extended fuzzy TOPSIS for the ranking of
alternatives. Others extended TOPSIS method from different
perspectives [17,3,13,33,6,32,19,30,29,34].
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In contrast to previous studies on the extensions for TOPSIS
method under fuzzy environment, in this paper, we introduce
the concept of Markowitz’s portfolio mean–variance methodology
into the traditional TOPSIS methods with fuzzy numbers, and pro-
pose a novel extended fuzzy TOPSIS method by utilizing the Possi-
bility theory. As we know, when decision makers select alternative
for their partners, most of them desire to select the ideal alterna-
tive with high expected return and low risk, so as to achieve a rea-
sonable trade-off between return and risk. Thus, in the extended
fuzzy TOPSIS method, the decision maker will select an ideal alter-
native with high possibilisic mean value and low possibilistic stan-
dard deviation, in which the possibilisic mean value is used as the
measurement of investment return and the possibilistic standard
deviation is viewed as the measurement of investment risk. And
in the extended TOPSIS method the possibilistic mean values
matrix and the possibilistic standard deviation are constructed to
compute the integrated relative closeness coefficient of each alter-
native. The preference order of all alternatives can be ranked
according to the relative closeness coefficient of each alternative.
Moreover, we also compare the result of our new proposed method
and existing methods through two examples.

The rest of the paper is organized as follows. Section 2 intro-
duces the basic concepts on the Possibility theory and TOPSIS
method. Section 3 presents the new proposed fuzzy TOPSIS
method based on Possibility theory. Section 4 presents two illus-
trative examples. Section 5 summarizes the paper.

2. Preliminaries

2.1. The Possibility theory

In this section, some basic concepts and definitions about Possi-
bility theory are introduced. First, a fuzzy number A is a fuzzy set of
the real line x with a normal, fuzzy convex and continuous mem-
bership function of bounded support [35,34,11]. The family of
fuzzy numbers can be denoted by FðxÞ. ½A�c ¼ ft 2 xjAðtÞP cg if
c > 0 and ½A�c ¼ ft 2 xjAðtÞ > 0g if c ¼ 0 are defined as a c-level
set of fuzzy number A.

Definition 1. Let A 2 x be fuzzy number with ½A�c ¼ ½a1ðcÞ; a2ðcÞ�;
c 2 ½0;1�. The possibilistic mean values of fuzzy number A is defined as
MðAÞ ¼

R 1
0 cða1ðcÞ þ a2ðcÞÞdc, and the possibilistic variance of A as

VarðAÞ ¼ 1
2

R 1
0 cða1ðcÞ � a2ðcÞÞ2dc.

Let A be a triangular fuzzy number with center a, left-width
a > 0, right -width b > 0, i.e., A ¼ ða� a; a; aþ bÞ. Using Definition
1, a c-level set of fuzzy number A can easily be computed as

½A�c ¼ ½a� ð1� cÞa; aþ ð1� cÞb�; 8c 2 ½0;1� ð1Þ

According to Definition 1, the possibilistic mean value of trian-
gular fuzzy number A is described as

MðAÞ ¼
Z 1

0
cðða� ð1� cÞaÞ þ ðaþ ð1� cÞbÞÞdc

¼ aþ 1
6
ðb� aÞ ð2Þ

The possibilistic variance of triangular fuzzy number A can be writ-
ten as

VarðAÞ ¼ 1
2

Z 1

0
cðða� ð1� cÞaÞ � ðaþ ð1� cÞbÞÞ2dc

¼ 1
24
ðbþ aÞ2 ð3Þ

And the possibilistic standard deviation can be expressed asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðAÞ

p
.

2.2. The TOPSIS method

The TOPSIS method procedure consists of the following steps:

(1) Design a set of attributes C ¼ fCjj j ¼ 1; . . . ;mg.
(2) Generate a set of possible alternatives X ¼ fXij i ¼ 1; . . . ;ng.
(3) Construct the decision matrix L ¼ ½aij�n�m, where aij is the rat-

ing of alternative Xi with respect to attribute Cj.
(4) Decision maker elicits the weight for attribute Cj as -j,

where 0 < -j < 1; j ¼ 1;2; . . . ;m and
Pm

j¼1 -j ¼ 1.
(5) Normalize the decision matrix. This step tries to transform

various attribute dimensions into the non-dimensional attri-
butes, which allows comparison across the attributes. The
normalized value a0ij is computed as
a0ij ¼
aij

aþ
j
; j 2 H1

a0ij ¼
a�

j

aij
; j 2 H2

8<: ð4Þ
where aþj ¼maxi aij, if j 2 H1; a�j ¼mini aij, if j 2 H2. H1 is associated
with benefit attribute, while H2 is associated with cost attribute.

And the normalized matrix can be written as L0 ¼ a0ij
h i

n�m
.

(6) Determine the PIS and the NIS as
Eþ ¼ eþ1 ; e
þ
2 ; . . . ; eþm

� �
; eþj ¼max

i
a0ij ð5Þ

E� ¼ e�1 ; e
�
2 ; . . . ; e�m

� �
; e�j ¼min

i
a0ij ð6Þ
(7) Compute the separation measure between each alternative
and PIS as
dþi ¼
Xm

j¼1

a0ij � eþj
� �

wj

� �2
( )1

2

; 1;2; . . . ;n ð7Þ
(8) Compute the separation measure between each alternative
and NIS as
d�i ¼
Xm

j¼1

a0ij � e�j
� �

wj

� �2
( )1

2

; i ¼ 1;2; . . . ;n ð8Þ
(9) Calculate the closeness coefficient of alternative Xi
Ui ¼
d�i

d�i þ dþi
; i ¼ 1;2; . . . ;n ð9Þ
(10) Rank all alternatives according to the closeness coefficient,
select the best one.

3. The proposed fuzzy TOPSIS based on Possibility theory

In real world situation, it is hard for decision makers to get
exact information about all alternatives. Therefore, decision
makers often utilize fuzzy theory to evaluate alternatives. In this
section, we propose a new and novel fuzzy TOPSIS method
based on Possibility theory to support MADM process. First, we
assume X 0 ¼ X0ij i ¼ 1; . . . ;n

� �
as a finite set of possible alterna-

tives, C0 ¼ C0jj j ¼ 1; . . . ;m
n o

as a finite set of attributes according

to the desirability judgment of alternatives. Since the informa-
tion of alternatives is fuzzy and uncertain during decision
making process, the decision maker utilizes a triangular fuzzy

number elij to estimate the judgment on alternative X 0i with

respect to attribute C0j;
elij ¼ ðaij � aij; aij; aij þ bijÞ. Let eL ¼ ½elij �n�m

be the decision matrix in the form of triangular fuzzy numbers.
The MADM problem with triangular fuzzy numbers can be
expressed in matrix format:
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eL¼
ða11�a11;a11;a11þb11Þ ða12�a12;a12;a12þb12Þ � � � ða1m�a1m;a1m;a1mþb1mÞ
ða21�a21;a21;a21þb21Þ ða22�a22;a22;a22þb22Þ � � � ða2m�a2m;a2m;a2mþb2mÞ

..

. ..
. . .

. ..
.

ðan1�an1;an1;an1þbn1Þ ðan2�an2;an2;an2þbn2Þ � � � ðanm�anm;anm;anmþbnmÞ

266664
377775

ð10Þ

The decision maker gives weight wj for attribute C0j of each
alternative, where j ¼ 1;2; . . . ;m. wjðj ¼ 1;2; . . . ;mÞ belongs to
½0;1� and sums up to one.

0 6 wj 6 1; j ¼ 1;2; . . . ;m;
Xm

j¼1

wj ¼ 1 ð11Þ

The values of different attributes have different dimensions.

Thus, the fuzzy decision matrix eL ¼ ½elij �n�m should be transformed
into normalized fuzzy matrix in order to reduce disturbance in

the final results. Let eL0 ¼ ½el0ij �n�m
be the normalized fuzzy matrix

in the form of triangular fuzzy numbers, whereel0ij ¼ a0ij � a0ij; a0ij; a0ij þ b0ij
� �

.

In general, there are two attribute categories for alternatives:
benefit type and cost type. The higher the benefit type value is,
the better it will be. It is opposite for the cost type. To avoid the
complicated normalization formula used in classical TOPSIS
method, the linear scale transformation method proposed by Chen
[8] is used to transform different attribute scales into a comparable
scale.

el0ij ¼ aij � aij

ðaij þ bijÞ
þ ;

aij

ðaij þ bijÞ
þ ;

aij þ bij

ðaij þ bijÞ
þ

 !
; j 2 H1 ð12Þ

el0ij ¼ ðaij � bijÞ
�

aij þ bij
;
ðaij � bijÞ

�

aij
;
ðaij � bijÞ

�

aij � aij

 !
; j 2 H2 ð13Þ

where ðaij þ bijÞ
þ ¼maxiðaij þ bijÞ, if j 2 H1; ðaij � bijÞ

� ¼
miniðaij � bijÞ, if j 2 H2. H1 is associated with benefit attribute, while
H2 is associated with cost attribute.

The normalization approach mentioned above is to make the
ranges of normalized triangular fuzzy numbers belong to [0,1].

According to formula (2), we can get the possibilistic mean

value of triangular fuzzy number el0ij ¼ a0ij � a0ij; a0ij; a0ij þ b0ij

� �
as

follows:

M el0ij� �
¼ a0ij þ

1
6

b0ij � a0ij
� �

ð14Þ

And according to formula (3), the possibilistic variance of trian-
gular fuzzy number el0ij ¼ a0ij � a0ij; a0ij; a0ij þ b0ij

� �
can be written as

Var el0ij� �
¼ 1

24
b0ij þ a0ij
� �2

ð15Þ

According to formula (15), we obtain the standard deviation
about the triangular fuzzy number el0ij ¼ a0ij � a0ij; a0ij; a0ij þ b0ij

� �
as

StD el0ij� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var el0ij� �r

¼
ffiffiffiffiffiffi
1

24

r
b0ij þ a0ij
� �

ð16Þ

Therefore, the possibilistic mean value matrix

MðeLÞ ¼ M el0ij� �h i
n�m

about the normalized fuzzy matrix

eL0 ¼ el0ijh i
n�m

can be described as

MðeLÞ ¼
Mðfl011Þ Mðfl012Þ � � � Mðfl01mÞ

Mðfl021Þ Mðfl022Þ � � � Mðfl02mÞ

..

. ..
. . .

. ..
.

Mðfl0n1Þ Mðfl0n2Þ � � � Mðfl0nmÞ

2666666664

3777777775
ð17Þ
And the possibilistic standard deviation matrix

StDðeLÞ ¼ ½StDðel0ijÞ�n�m
about the normalized fuzzy matrixeL0 ¼ ½el0ij �n�m

can be written as

StDðeLÞ ¼
StDðfl011Þ StDðfl012Þ � � � StDðfl01mÞ

StDðfl021Þ StDðfl022Þ � � � StDðfl02mÞ
..
. ..

. . .
. ..

.

StDðfl0n1Þ StDðfl0n2Þ � � � StDðfl0nmÞ

26666664

37777775 ð18Þ

Based on the TOPSIS concept, we identify PIS MðeLÞþ and NIS

MðeLÞ� about the possibilistic mean value matrix MðeLÞ for the deci-
sion maker as:

MðeLÞþ ¼ ðMðel1Þ
þ
;Mðel2Þþ; . . . ;Mð elmÞ

þ
Þ ð19Þ

MðeLÞ� ¼ ðMðel1Þ
�
;Mðel2Þ�; . . . ;Mð elmÞ

�
Þ ð20Þ

where MðeljÞ
þ
¼maxi MðelijÞ;MðeljÞ

�
¼mini MðelijÞ; i ¼ 1;2; . . . ; n.

Moreover, we also define PIS StDðeLÞþ and NIS StDðeLÞ� about the

possibilistic standard deviation matrix StDðeLÞ ¼ ½StDðel0ijÞ�n�m
for the

decision maker as:

StDðeLÞþ ¼ ðStDðel1Þþ; StDðel2Þ
þ
; . . . ; StDð elmÞþÞ ð21Þ

StDðeLÞ� ¼ ðStDðel1Þ�; StDðel2Þ
�
; . . . ; StDð elmÞ�Þ ð22Þ

where StDðeljÞ
þ
¼mini StDðelijÞ; StDðeljÞ

�
¼maxi StDðelijÞ; i ¼ 1;2; . . . ;n.

By using the m-dimensional Euclidean distance, the separation
measures of each alternative’s possibilistic mean value from the
PIS MðeLÞþ and possibilistic standard deviation from the PIS
StDðeLÞþ are given as, respectively:

diðMðeLÞþÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm

j¼1
ððMðeljÞ

þ
�MðelijÞÞ-jÞ

2
r

; i¼ 1;2; . . . ;n ð23Þ

diðStDðeLÞþÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm

j¼1
ððStDðeljÞ

þ
� StDðelijÞÞ-jÞ

2
r

; i¼ 1;2; . . . ;n ð24Þ

Similarly, the separation measures of each alternative’s possibi-

listic mean value from the NIS MðeLÞ� and possibilistic standard

deviation from the NIS StDðeLÞ� are given as, respectively:

diðMðeLÞ�Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm

j¼1
ððMðeljÞ

�
�MðelijÞÞ-jÞ

2
r

; i¼ 1;2; . . . ;n ð25Þ

diðStDðeLÞ�Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm

j¼1
ððStDðeljÞ

�
� StDðelijÞÞ-jÞ

2
r

; i¼ 1;2; . . . ;n ð26Þ

A closeness coefficient is defined to determine the ranking order

of all alternatives once diðMðeLÞþÞ; diðStDðeLÞþÞ and

diðMðeLÞ�Þ; diðStDðeLÞ�Þ of each alternative X 0i are calculated. The rel-
ative closeness coefficient of alternative X0i about its possibilistic
mean value and standard deviation are defined as

liðMðeLÞÞ ¼ diðMðeLÞ�Þ
diðMðeLÞ�Þ þ diðMðeLÞþÞ ; i ¼ 1;2; . . . ;n ð27Þ

liðStDðeLÞÞ ¼ diðStDðeLÞ�Þ
diðStDðeLÞ�Þ þ diðStDðeLÞþÞ ; i ¼ 1;2; . . . ;n ð28Þ

Then the integrated relative closeness coefficient of alternative
X0i is given as

li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
StDðeLÞ �MðeLÞq

; i ¼ 1;2; . . . ;n ð29Þ

Hence, according to the integrated relative closeness coefficient,
the ranking order of all alternatives can be determined, and the
decision maker selects the best one among a set of feasible
alternatives.
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As a summary, the procedure to find out the best alternative
with the extended fuzzy TOPSIS method based on Possibility the-
ory is shown in the following.

Step1: Generate a set of possible alternatives
X0 ¼ X 0ij i ¼ 1; . . . ;n

� �
and design a set of attributes

C0 ¼ C0jj j ¼ 1; . . . ;m
n o

.

Step2: Construct the fuzzy decision matrix eL ¼ ½elij �n�m with tri-
angular fuzzy numbers, and transform the fuzzy deci-

sion matrix eL ¼ ½elij �n�m into the normalized fuzzy

decision matrix eL0 ¼ ½el0ij �n�m
. This step tries to transform

various attribute dimensions into the non-dimensional
attributes. Formulas (12) and (13) are used for comput-
ing the normalized triangular fuzzy numbers.

Step3: Construct the possibilistic mean value matrix

MðeLÞ ¼ ½Mðel0ijÞ�n�m
by using formula (14) and the pos-

sibilistic standard deviation matrix StDðeLÞ ¼
½StDðel0ijÞ�n�m

by using formula (16).
Step4: Decision maker elicits weight for attribute C0j as -j,

where j ¼ 1;2; . . . ;m.
Step5: Identify PIS MðeLÞþ and NIS MðeLÞ� about the possibilistic

mean value matrix MðeLÞby using formulas (19) and (20).
Step6: Define PIS StDðeLÞþ and NIS StDðeLÞ� about the possibi-

listic standard deviation matrix StDðeLÞ by using for-
mulas (21) and (22).

Step7: Compute the separation measure of each alternative’s

possibilistic mean value from the PIS MðeLÞþ and pos-

sibilistic standard deviation from the PIS StDðeLÞþ by
using formulas (23) and (24).

Step8: Compute the separation measure each alternative’s

possibilistic mean value from the NIS MðeLÞ� and pos-

sibilistic standard from the NIS StDðeLÞ� by using for-
mulas (25) and (26).

Step9: Calculate closeness coefficient of alternative X 0i about
its possibilistic mean value and possibilistic standard
deviation by using formulas (27) and (28), and the
integrated relative closeness coefficient of alternative
X0i by using formula (29).

Step10: Rank the preference order of all alternatives according
to the integrated relative closeness coefficient, and
select the best one.

4. Numerical examples

In this section, we use two examples on MADM problem with
triangular fuzzy numbers to illustrate the proposed extended TOP-
SIS approach in this paper.

Example 1. The virtual enterprise (VE) is of increasing importance
due to its flexibility, agility and efficiency. A major issue in the
formation of a VE is to choose suitable partners during the
Table 1
The fuzzy decision matrix and weights of five attributes for Example 1.

Alternative Alternative

C01 C02 C03 C04 C05

X01 [11,1,1] [81,1,3] [0.96,0.1,0.2] [21,1,4] [0.95,0.1,0.2]

X02 [12,1,3] [85,1,1] [0.94,0.2,0.2] [24,0,1] [0.96,0.1,0.0]

X03 [13,2,1] [87,2,2] [0.88,0.1,0.4] [22,1,1] [0.94,0.2,0.3]

X04 [13,1,3] [92,1,2] [0.89,0.2,0.2] [21,2,2] [0.95,0.1,0.3]
Weight 0.22 0.17 0.25 0.15 0.21
establishing process [32]. Here, suppose a core enterprise wants
to select the best partner from four alternatives (X01;X

0
2;X

0
3 and X04)

to form a new VE and realize the emerging market opportunity.
The partner selection decision is based on five attributes, including
cost C01

� �
, relationship closeness C02

� �
, completion probability C03

� �
,

time C04
� �

and quality C05
� �

. C01 and C04 are cost type attributes, while
C02, C03 and C05 are benefit type attributes.

The decision matrix with triangular fuzzy numbers and weights
of five attributes is shown in Table 1. The proposed approach is
currently applied to solve the MADM problem and the computa-
tional procedure is given as follows:

Step 1: : Use triangular fuzzy numbers to evaluate alterna-
tives with respect to each attribute, as shown in
Table 1.

Step 2: : Normalizes the fuzzy decision matrix by using for-
mulas (12) and (13), as shown in Table 2.

Step 3: Construct the possibilistic mean value matrix by using
formula (14) and possibilistic standard variance
matrix by using formula (16):
MðeLÞ ¼
0:912 0:865 0:981 0:888 0:971

0:818 0:904 0:959 0:786 0:978

0:783 0:926 0:903 0:864 0:961

0:756 0:980 0:908 0:908 0:973

266664
377775 ð30Þ

StDðeLÞ ¼
0:0340 0:0087 0:0063 0:0388 0:0063
0:0497 0:0043 0:0083 0:0065 0:0021
0:0398 0:0087 0:0104 0:0161 0:0104
0:0425 0:0065 0:0083 0:0355 0:0083

26664
37775
ð31Þ
Step 4: Determine PIS and NIS about the possibilistic mean
value matrix as follows:
MðeLÞþ ¼ ð0:912;0:980;0:981;0:908;0:978Þ ð32Þ
MðeLÞ� ¼ ð0:756;0:865;0:903;0:786;0:961Þ ð33Þ
Step 5: Determine PIS and NIS about possibilistic standard
deviation matrix as follows:
StDðeLÞþ ¼ ð0:0340;0:0043;0:0063;0:0065;0:0021Þ ð34Þ
StDðeLÞ� ¼ ð0:0497;0:0087;0:0104;0:0388;0:0104Þ ð35Þ
Step6: Calculate the separation measure about each alterna-
tive’s possibilistic mean value from PIS and NIS, as
shown in Table 3.

Step 7: : Compute the separation measure about each alter-
native’s possibilistic standard deviation from PIS and
NIS, as shown in Table 4.

Step 8: Calculate the closeness coefficients of each alternative
as shown in Table 5.
From Table 5, we can find that the ranking order of four
alternatives is X01 � X 04 � X 02 � X 03 according to
liðMðeLÞÞ, while the ranking order is X 02 � X03 � X01 �
X04 according to liðStDðeLÞÞ. Hence, by using formula
(29), we can get the ranking order according to the inte-
grated relative closeness coefficient is X01 � X02 �
X03 � X04. Thus, the finaloptimal’’ alternative is X01.
In addition, we use the extended TOPSIS method pro-
posed by Chen [8] to solve this partner selection prob-
lem of VE, with the yielded result shown in Fig. 1. From
Fig. 1 we can see, the ranking order for alternatives
yielded by Chen [8] is X01 � X04 � X03 � X 02. Though the
most desirable alternative is still X 01, but the ranking



Table 2
The normalized fuzzy decision matrix for Example 1.

Alternative Alternative

C01 C02 C03 C04 C05

X01 [0.83,0.91,1.00] [0.85,0.86,0.89] [0.97,0.98,1.00] [0.76,0.90,0.95] [0.96,0.97,0.99]

X02 [0.67,0.83,0.91] [0.89,0.90,0.91] [0.94,0.96,0.98] [0.76,0.79,0.79] [0.97,0.98,0.98]

X03 [0.71,0.77,0.91] [0.90,0.93,0.95] [0.89,0.90,0.94] [0.83,0.86,0.90] [0.94,0.96,0.99]

X04 [0.63,0.77,0.83] [0.97,0.98,1.00] [0.89,0.91,0.93] [0.83,0.90,1.00] [0.96,0.97,1.00]

Table 3
The separation measure about each alternative’s possibilistic mean value for Example
1.

Separation measure Alternative

X01 X02 X03 X04

diðMðeLÞþÞ 0.0266 0.0328 0.0308 0.0344

diðMðeLÞ�Þ 0.0424 0.0210 0.0167 0.0269

Table 4
The separation measure about each alternative’s possibilistic standard deviation for
Example 1.

Separation measure Alternative

X01 X02 X03 X04

diðStDðeLÞþÞ 0.0050 0.0035 0.0029 0.0050

diðStDðeLÞ�Þ 0.0037 0.0052 0.0041 0.0018

Table 5
The Closeness coefficient and ranking of each alternative for Example 1.

Alternative Closeness coefficient

liðMðeLÞÞ liðStDðeLÞÞ li Ranking

X01 0.6140 0.4268 0.5119 1

X02 0.3909 0.6003 0.4844 2

X03 0.3524 0.5840 0.4536 3

X04 0.4394 0.2692 0.3439 4

Fig. 1. The ranking order of alternatives obtained by Chen [8].

Table 6
The triangular fuzzy decision matrix for four alternatives for Example 2.

Alternative Alternative

C001 C002 C003 C004 C005

X001 [9,1,1] [8,1,3] [96,4,3] [0.94,0.2,0.2] [95,1,2]

X002 [8,2,1] [9,1,1] [94,2,2] [0.93,0.1,0.2] [96,1,0]

X003 [8,1,2] [9,2,1] [88,5,4] [0.94,0.2,0.3] [95,2,3]

X004 [10,1,0] [11,1,2] [89,2,2] [0.96,0.1,0.3] [95,1,3]
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order is quite different from our result, due to the fact
that we take both the return and risk into consideration
and use the integrated relative closeness coefficient as
the ranking criterion.
Example 2. Here we demonstrate how to apply the proposed TOP-
SIS method for supplier selection problem. Assume a manufactur-
ing firm wants to select the most suitable supplier from candidates
(X 001;X

00
2;X

00
3 and X 004). The manufacturing firm determines five attri-

butes to evaluate candidates: (1) supplier’s profile ðC001Þ; (2) overall
cost of the material ðC002Þ; (3) delivery capability ðC003Þ; (4) quality of
the material ðC04Þ; and (5) relationship closeness ðC005Þ. Clearly, C002 is
cost type attribute and the others are benefit type attributes.
Assume that the assessments of candidates according to the five
attributes are provided as triangular fuzzy numbers, which are
shown in Table 6.

Furthermore, we assume that the manufacturing firm deter-
mines the weight vector about the five attributes as the following:
W ¼ ð0:15;0:15;0:25; 0:30;0:15ÞT .

In order to apply the extended TOPSIS method, the fuzzy
decision matrix in Table 6 needs to be normalized. The normalized
triangular fuzzy decision matrix by using formulas (12) and (13) is
shown as:

eL 0 ¼
ð0:80;0:90;1:00Þ ð0:64;0:88;1:00Þ ð0:93:0:97;1:00Þ ð0:93;0:95;0:97Þ ð0:96;0:97;0:99Þ
ð0:60;0:80;0:90Þ ð0:70;0:78;0:88Þ ð0:93;0:95;0:97Þ ð0:93;0:94;0:96Þ ð0:97;0:98;0:98Þ
ð0:70;0:80;1:00Þ ð0:70;0:78;1:00Þ ð0:84;0:89;0:93Þ ð0:93;0:95;0:98Þ ð0:95;0:97;1:00Þ
ð0:90;1:00;1:00Þ ð0:54;0:64;0:70Þ ð0:88;0:90;0:92Þ ð0:96;0:97;1:00Þ ð0:96;0:97;1:00Þ

26664
37775

ð36Þ

In the light of formula (36), we can construct the possibilistic
mean value matrix and the possibilistic standard variance matrix
as follows, respectively:

MðeLÞ ¼
0:900 0:856 0:968 0:949 0:971
0:783 0:781 0:949 0:941 0:978
0:817 0:802 0:887 0:951 0:971
0:983 0:631 0:899 0:973 0:973

26664
37775 ð37Þ

StDðeLÞ ¼
0:0408 0:0742 0:0144 0:0083 0:0063
0:0612 0:0357 0:0083 0:0062 0:0021
0:0612 0:0612 0:0186 0:0103 0:0104
0:0204 0:0330 0:0083 0:0083 0:0083

26664
37775 ð38Þ

Next, we can determine PIS and NIS about the possibilistic mean
value matrix and possibilistic standard deviation matrix as follows:

MðeLÞþ ¼ ð0:983;0:856;0:968;0:973;0:978Þ ð39Þ
MðeLÞ� ¼ ð0:783;0:631;0:887;0:941;0:971Þ ð40Þ

StDðeLÞþ ¼ ð0:0204;0:0330;0:0083;0:0062;0:0021Þ ð41Þ
StDðeLÞ� ¼ ð0:0612;0:0742;0:0186;0:0103;0:0104Þ ð42Þ

Thus, the separation measure about each alternative’s possibi-
listic mean value from PIS and NIS can be calculated, respectively,
as shown in Table 7.

And the separation measure about each alternative’s possibilis-
tic standard deviation from PIS and NIS are computed in Table 8.

In the end, we calculate the closeness coefficient of each
alternative in Table 9. In the second column of Table 9, calculated



Table 7
The separation measure about each alternative’s possibilistic mean value for Example
2.

Separation measure Alternative

X001 X002 X003 X004

diðMðeLÞþÞ 0.0144 0.0337 0.0338 0.0380

diðMðeLÞ�Þ 0.0432 0.0274 0.0263 0.0317

Table 8
The separation measure about each alternative’s possibilistic standard deviation for
Example 2.

Separation measure Alternative

X001 X002 X003 X004

diðStDðeLÞþÞ 0.0071 0.0061 0.0081 0.0011

diðStDðeLÞ�Þ 0.0034 0.0066 0.0019 0.0091

Table 9
The closeness coefficient and ranking of each alternative for Example 2.

Alternative Closeness coefficient

liðMðeLÞÞ liðStDðeLÞÞ li Ranking

X001 0.7506 0.3196 0.4898 2

X002 0.4485 0.5173 0.4814 3

X003 0.4378 0.1942 0.2916 4

X004 0.4550 0.8906 0.6366 1

Fig. 2. The ranking order of alternatives obtained by Jahanshahloo et al. [16].
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closeness coefficients for all alternatives about their possibilistic

mean values are given. According to liðMðeLÞÞ, the ranking order
of alternatives is X 001 � X 004 � X002 � X003. Therefore, the best candidate

is X 001 in term of liðMðeLÞÞ. However, according to liðStDðeLÞÞ, the
ranking order of alternatives is X004 � X 002 � X 001 � X 003, as shown in
the third column of Table 9. This means that candidate X004 is the

optimal supplier in terms of liðStDðeLÞÞ. Then we calculate the
integrated closeness coefficients of four alternatives, as shown in
the fourth column of Table 9. In accordance with the integrated
relative closeness coefficient of each alternative, the order prefer-
ence is X004 � X001 � X 002 � X 003, and thus the most desirable supplier is
alternative X004.

Similarly, we compare our result with that of Jahanshahloo et al.
[16], which is shown in Fig. 2. It is clearly that our result is quite
different from that of Jahanshahloo et al. [16], in which X 01 is the
most desirable supplier. This is because that we assume that the
manufacturing firm desires to select a supplier with high possibi-
listic mean value and low standard deviation, so as to obtain a rea-
sonable trade-off between return and risk.

5. Conclusions

In order to deal with vague and incomplete information in
MADM problem, some TOPSIS methods with fuzzy numbers are
proposed in traditional literature. However, existing fuzzy TOPSIS
methods did not consider the decision-making risk under fuzzy
environment. In this paper we introduce the concept of Marko-
witz’s portfolio mean–variance methodology into the traditional
TOPSIS methods with fuzzy numbers, and propose a novel
extended fuzzy TOPSIS method by utilizing the Possibility theory.
In the extended fuzzy TOPSIS method, the decision maker will
select an ideal alternative with high possibilisic mean value and
low possibilistic standard deviation, in which the possibilisic mean
value is used as the measurement of investment return and the
possibilistic standard deviation is viewed as the measurement of
investment risk. Two numerical examples are presented to illus-
trate the proposed extended TOPSIS method. The comparisons
between the results of the new proposed method and other exist-
ing methods are offered. Of course, our extended TOPSIS method
can not only be applied to partner selection and supplier selection
problems, but also be used into other purposes, such as evaluating
performance, information systems evaluation, and human resource
arrangements. In addition, since adventurous or conservative deci-
sion makers would make quite different decisions under the same
circumstance, thus, considering decision makers’ different risk
preferences in the proposed TOPSIS model would be an interesting
point to be investigated in the further.
Acknowledgements

The authors greatly appreciate the anonymous referees for the
valuable and helpful suggestions to improve the paper. The
research is supported by Natural Science Foundation of China
(71001041, 71172075, 71371006, 71090403), Program for New
Century Excellent Talents in University (NCET-13-0219), Research
Fund for the Doctoral Program of Higher Education of China
(20130172110029), and the Fundamental Research Funds for the
Central Universities, SCUT (2013ZZ0093, x2gsD2133310).
References

[1] M.A. Abo-Sinna, Extensions of the TOPSIS for multi-objective programming
problems under fuzziness, Adv. Model. Anal. B 43 (4) (2000) 1–24.

[2] M.A. Abo-Sinna, A.H. Amer, Extensions of TOPSIS for multi-objective large-
scale nonlinear programming problems, Appl. Math. Comput. 162 (1) (2005)
243–256.

[3] B. Ashtiani, F. Haghighirad, A. Makui, G. Montazer, Extension of fuzzy TOPSIS
method based on interval-valued fuzzy sets, Appl. Soft Comput. 9 (2) (2009)
457–461.

[4] A. Awasthi, S.S. Chauhan, H. Omrani, Application of fuzzy TOPSIS in evaluating
sustainable transportation systems, Expert Syst. Appl. 38 (10) (2011) 12270–
12280.

[5] I. Beg, R. Rashid, TOPSIS for Hesitant fuzzy linguistic term sets, Int. J. Intell. Syst.
28 (12) (2013) 1162–1171.

[6] F.E. Boran, S. Genc, M. Kurt, D. Akay, A multi-criteria intuitionistic fuzzy group
decision making for supplier selection with TOPSIS method, Expert Syst. Appl.
36 (8) (2009) 11363–11368.

[7] C.A. Charnes, W.W. Cooper, E. Rhodes, Measuring the efficiency of decision
making units, Eur. J. Oper. Res. 2 (6) (1978) 429–444.

[8] C.T. Chen, Extensions of the TOPSIS for group decision-making under fuzzy
environment, Fuzzy Sets Syst. 114 (1) (2000) 1–9.

[9] L.Y. Chen, T.C. Wang, Optimizing partner’s choice in IS/IT outsourcing projects:
the strategic of fuzzy VIKOR, Int. J. Prod. Econ. 120 (1) (2009) 233–242.

[10] T.Y. Chen, C.Y. Tsao, The interval-valued fuzzy TOPSIS method and
experimental analysis, Fuzzy Sets Syst. 159 (11) (2008) 1410–1428.

[11] X. Deng, R. Li, Gradually tolerant constraint method for fuzzy portfolio based
on possibility theory, Inform. Sci. 259 (2014) 16–24.

[12] E. Fontela, A. Gabus, The DEMATEL Observer. DEMATEL 1976 Report,
Switzerland, Geneva, Battelle Geneva Research Center, 1976.

[13] A. Guneri, A. Yucel, G. Ayyildiz, An integrated fuzzy-lp approach for a supplier
selection problem in supply chain management, Expert Syst. Appl. 36 (5)
(2009) 9223–9228.

[14] C.L. Hwang, K. Yoon, Multiple attribute decision making: methods and
applications, in: Lecture Notes in Economic and Mathematical Systems,
Spring, Berlin, Germany, 1981.

[15] M. Izadikhah, Using the Hamming distance to extend TOPSIS in a fuzzy
environment, J. Comput. Appl. Math. 231 (1) (2009) 200–207.

[16] G.R. Jahanshahloo, F.H. Lotfi, M. Izadikhah, Extension of the TOPSIS method for
decision-making problems with fuzzy data, Appl. Math. Comput. 181 (2)
(2006) 1544–1551.

http://refhub.elsevier.com/S0950-7051(14)00176-2/h0015
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0015
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0020
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0020
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0020
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0025
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0025
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0025
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0030
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0030
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0030
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0035
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0035
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0040
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0040
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0040
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0045
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0045
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0050
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0050
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0055
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0055
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0060
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0060
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0065
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0065
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0070
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0070
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0070
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0075
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0075
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0075
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0075
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0080
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0080
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0085
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0085
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0085


F. Ye, Y. Li / Knowledge-Based Systems 67 (2014) 263–269 269
[17] G.R. Jahanshahloo, F.H. Lotfi, M. Izadikhah, An algorithmic method to extend
TOPSIS for decision-making problems with interval data, Appl. Math. Comput.
175 (2) (2006) 1375–1384.

[18] Y.J. Lai, T.Y. Liu, C.L. Hwang, TOPSIS for MODM, Eur. J. Oper. Res. 76 (3) (1994)
486–500.

[19] C.N. Liao, H.P. Kao, An integrated fuzzy TOPSIS and MCGP approach to supplier
selection in supply chain management, Expert Syst. Appl. 38 (9) (2011)
10803–10811.

[20] R.J. Lin, Using fuzzy DEMATEL to evaluate the green supply chain management
practices, J. Cleaner Prod. 40 (2013) 32–39.

[21] S. Pricovic, Multi-criteria model for post-earthquake land-use planning,
Environ. Manage. Health 13 (1) (2002) 9–20.

[22] T.L. Saaty, The Analytic Hierarchy Process, first ed., McGraw-Hill, New York,
1980.

[23] L. Shen, L. Olfat, K. Govindan, R. Khodaverdi, A. Diabat, A fuzzy multi criteria
approach for evaluating green supplier’s performance in green supply chain
with linguistic preferences, Resour. Conserv. Recycl. 74 (2013) 170–179.

[24] H.S. Shih, H.J. Shyur, E.S. Lee, An extension of TOPSIS for group decision
making, Math. Comput. Model. 45 (7/8) (2007) 801–813.

[25] S.H. Tsaur, T.Y. Chang, C.H. Yen, The evaluation of airline service quality by
fuzzy MCDM, Tourism Manage. 23 (2) (2002) 107–115.

[26] M.L. Tseng, Green supply chain management with linguistic preferences and
incomplete information, Appl. Soft Comput. 11 (8) (2011) 4894–4903.

[27] M.L. Tseng, A.S.F. Chiu, Evaluating firm’s green supply chain management in
linguistic preferences, J. Cleaner Prod. 40 (2013) 22–31.
[28] B. Vahdani, S.M. Mousavi, R. Tavakkoli-Moghaddam, Group decision making
based on fuzzy modified TOPSIS method, Appl. Math. Model. 35 (9) (2011)
4257–4269.

[29] B. Vahdani, R. Tavakkoli-Moghaddam, S.M. Mousavi, A. Ghodratnama, Soft
computing based on new interval-valued fuzzy modified multi-criteria
decision-making method, Appl. Soft Comput. 13 (1) (2013) 165–172.

[30] Z. Xu, X. Zhang, Hesitant fuzzy multi-attribute decision making based on
TOPSIS with incomplete weight information, Knowl.-based Syst. 52 (2013) 53–
64.

[31] T. Yang, C.-C. Hung, Multiple-attribute decision making methods for plant
layout design problem, Robot. Comput.-Integrated Manuf. 23 (1) (2007) 126–
137.

[32] F. Ye, An extended TOPSIS method with interval-valued intuitionistic fuzzy
numbers for virtual enterprise partner selection, Expert Syst. Appl. 37 (10)
(2010) 7050–7055.

[33] F. Ye, Y.N. Li, Group multi-attribute decision model to partner selection in the
formation of virtual enterprise under incomplete information, Expert Syst.
Appl. 36 (5) (2009) 9350–9357.

[34] F. Ye, Q. Lin, Partner selection in a virtual enterprise: a group multi-attribute
decision model with weighted possibilistic mean values, Math. Probl. Eng.
(2013) 14 Pages, Article ID: 519629.

[35] W.G. Zhang, Y.L. Wang, Z.P. Chen, Z.K. Nie, Possibilistic mean-variance models
and efficient frontiers for portfolio selection problem, Inform. Sci. 177 (2007)
2787–2801.

http://refhub.elsevier.com/S0950-7051(14)00176-2/h0090
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0090
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0090
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0095
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0095
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0100
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0100
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0100
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0105
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0105
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0110
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0110
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0115
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0115
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0115
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0120
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0120
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0120
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0125
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0125
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0130
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0130
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0135
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0135
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0140
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0140
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0145
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0145
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0145
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0150
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0150
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0150
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0155
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0155
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0155
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0160
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0160
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0160
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0165
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0165
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0165
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0170
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0170
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0170
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0175
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0175
http://refhub.elsevier.com/S0950-7051(14)00176-2/h0175

	An extended TOPSIS model based on the Possibility theory under fuzzy environment
	1 Introduction
	2 Preliminaries
	2.1 The Possibility theory
	2.2 The TOPSIS method

	3 The proposed fuzzy TOPSIS based on Possibility theory
	4 Numerical examples
	5 Conclusions
	Acknowledgements
	References


